Mahantesh Halappanavar, Florin Dobrian and
Alex Pothen

CSCAPES Seminar. 16 September, 2008.



Outline

} 1. Introduction ]

2. Brief Survey of Parallel Matching Algorithms
3. A Ysapprox Parallel Matching Algorithm

4. Computational Results

5. Conclusions and Future work



Graph

AgraphGis a painV, B
AVis a set of/ertices

A Eis a set obdgesthat represent a binary
relation onV.

I Nonbipartite/ Bipartite

I Weighted/ Unweighted ]g“




Matching

Given a graph, enatchingM is asubsetof edges
such thatno two edges inM areincidenton
the samevertex.

=
Types:

A MaximumCardinality Matching (no weights)
A Maximum WeighMatching(sum of weights)



Applications of Matchings

A Sparse matrixomputations
I Matrix preconditioning
I Block Triangular Form
A Multilevel GraphAlgorithms
I Graph partitioners
I Graph clustering
A Scheduling Problem
I High speed network switching
I Facility scheduling problem
A Bioinformatics

I Homology detection
I Structural alignment

11111

G A O B

o
—

h 2 &L B

1

2 3 4 5




Outline

1. Introduction

} 2. Brief Survey of Parallel Matching Algorithgf\s

3. A Ysapprox Parallel Matching Algorithm
4. Computational Results
5. Conclusions and Future work



A Brief Survey of Parallel Matching Algorithms

A Bipartite Graphs:
I Auctionbased algorithms
I Augmentationbased algorithms

A Nonbipartite Graphs:
I Augmentationbased algorithms

Note: Nonrexhaustive survey



Auctionbased Algorithms

A Primary work:
I Dimitri P.BertsekasMIT

A Basic idea:
I Buyers bid for objects
I Iterative process

I Two basic approaches:
A GaussSeidel: one buyer at a time
A Jacobi: all buyers bid concurrently

I Reverse auctions for asymmetric problems

I Combined forward/reverse (hybrid) approaches for
performance




Auctionbased Algorithms

A Parallel work:

1979:Bertsekas

' 1989:Bertsekasand Castanon

- 1989:KempkaKenningtonand Zaki(Alliant FX/8)

" 1990:WeinandZenios. (Connection Machine, CM2)

- 1992: GoldbergRlotkin Shmoysand Tardos(interior point

methods)

2003:Reidyand Demmel(In the context of sparse direct
solversg SuperLy



Augmentation

. An alternating path:

. An augmenting path:

. Augmentation by Symmetric Differené

o
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Augmentationbased algorithms

A Book: 1998Fast Parallel Algorithms for Graph

Matching ProblemdaMarek
Rytter Oxford Science Pu

Karpinskeand Wojciech
olications.

A 1993: GoldbergPlotkinano

Vaidya

A 1997:Story and Sorevik (MasPaiMP1 and MP2)

A 1998:Haglin
A 1999: Gupta and Ying (ve

rtex separators)

A 2006:Hougardyand Vinkemeier(path growing, %

approx)

A 2008: ChanDehne Bose] atzel(coarse grained

Theoretical

algorithms for convex bipartite graphs and trees)

IN nature.
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A Serial Yapprox AlgorithmGlobal

A Sortbased (Avis): O(|E|log | E|)

Algorithm 6 Input: A graph . Output: a matching M. Effect: computes a %—appm}: matching
M in G.
1: procedure GLOBAL-HEAVY (G = (V.E),w: E — R*, M)

2: M — o¢;

3 repeat

4: Pick a globally heaviest edge e,, € E;

5 M — M Ue,,:

G Delete all edges incident on « and v from E;
T until £ = ¢;

8: end procedure
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A Serial Yapprox AlgorithmGlobal

A Sample execution of sebased algorithm:

Sequential in nature.
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A Serial ¥Yapprox Algorithmiocal

A Robertt NI BA& @lgorithmO(| B)

Algorithm 7 Input: A graph . Output: a matching M. Effect: computes a %—appro:{ matching
M in G.
1: procedure LAM(G = (V,E), w: E — R*™, M)

2: M — o¢;

3 repeat

4 Pick a locally-heaviest edge e,, € E;

5 M — M U ey

G: Delete all edges incident on u and v from E;
T until £ = ¢;

8: end procedure
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A Serial ¥Yapprox Algorithmiocal

A Sample execution of LAM:

Sequential in nature.
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Assumptions for Parallelization

A Vertexorienteddata structures for graph
representation

A Graph distributed among processafisa vertex
partitioning

A Ownercomputes Model: each processor owns
a set of vertices that it Is responsible for



Towards Parallelization

Pointerbasedalgorithm:

1. For each vertex, set@ointer to the heaviest
adjacent vertex.

2. If two vertices point to each other, then add
these (ocally dominating)edges to the
matching.

3. Remove all edges incident on the matched
edgesjesetthe pointers, andepeat



Towards Parallelization

A Sample execution of the pointdrased approach:

15 o 20 15 o 20
(a) (b)

\
\1\5 2/0‘/%5) f 15 20/
At A

15 \@/ 20 15 \@/ 20

(c) (d)

Parallel in nature.
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A Worstcase Scenario

®15@25®35®
(a)

QRN PN 3; g
(b)
C 15 : 2_5_ E 35
4 (c)
0 15 a 2_5_ a 35 n

(d)

Forced sequentialness
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Related WorkPointerbased algorithm)

A 2004:JaapHenkHoepman

i Show parallel algorithm as a varianttofNJ ailgérithén
I One vertex per processor (theoretical)
I Algorithm converges i6(2.|H) messages

A 2007: Fredrik Manne and Raisseling

i Extendl 2 S LIYWoykQ &

i Show parallel algorithm as a variant[ofdz0 agQrahm
i ComplexityO(| V| d*+|B)

I No clear description of the parallel algorithm

|

- BSP style

Note: FredrikManneindependently developed the pointdyased
algorithm that he presented at SIAM Parallel Processing 2006.
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Distributed Graph Data structure

o‘:N:.e

VixPointer 0,3,6,8,10,13, 16
Adjacency (3, 4, 5)(2, 4, 5)(1, 5)(0, 4)(0, 1, 3)(0, 1, 2)
EdgeWt wl w2 w3, é

Compressed Storage Format

Vertex Indices 0 1 |2 |3 (4 |5
Owner Processor PO (P1 |P1 (PO |PO |P1
New Indices 0 3 |4 1 |2 (5

Vertex distribution and renumbering 2



Distributed Graph Data structure

©
L X
(@)
Processor 0: | Processor Pointer 0, 3,6
VixPointer 0,35,8
Adjacency (m) (1, 2,5)(0, 2)(0, 1,3)
EdgeWt el, e?2, e 3,
VixXWt v 1, v2, v 3,
Processor 1: | Processor Pointer |0, 3, 6
VixPointer 0,3,5,8
Adjacency (2, 4, 5)(3, 5)0, 3, 4)
EdgeWt el, e?2, e 3,
VixWit v 1, v2, v 3,

Data structure on each processor
FindOwnefghostvtx): O(g P); Storage: O(P)
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A parallel algorithm:
| 2 S LJY dlggrithén with ane vertex per processor
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Our algorithm:many vertices per processor

1. Initialization: //(local computation)
I Identify locally dominant edges
I Sendrequests if needed
2. COmputa'[ionVl(communication/computation)
I Recelvanessages
I Computation based on the received messages
I Send messages Is needed
I Repeatuntil no more edges can be matched

Note: SPMD model; Distributed memory; Explicit messages



PARTL: Initialization

A For each vertex: set the pointer to the heaviest neighbor

I If the heaviest neighbor isghostvertex,senda REQUEST
message to its owner;/Non-blocking

I If v, has at least one crossdge incident on it:
ASa SUVy
A Countefv] = #crossedges incident o
A Repeat:

i For all vertex pairs that point to each other, add the
corresponding edges to the matching

I Remove edges incident on the matched edges(SUCCESS
messages)

I Resetthe pointers §éendmessages if needed)
I Repeat until no more edges can be added to the matching



PART2: Computation

AWHILE(@ b'!'[[ 0 5h
I Receivaa Message Elockingfrom any source

I Process the Message based on type
A Request, Success, or Failure

A Add to matching, and remove edges incides#r{(dSUCCESS
messages)

A Reset pointers for vertices that wepmintingto the matched
vertices Eendmessages if needed)
I Update:
A Countefv]: Decrement the counter
A S (removesfrom S when Countev]=0)
A SendFAILURE messages if some vertex cannot be matched

MPI standard requires that every SEND be matched with a RECEIVE. Therefore, we need set &
andCountefv] to keep track of all the messages that need to be received.



Communication Pattern

R

R R R

(@) (b) ()

wOur scheme need¥ o0 p 9 RrAeSsages) |
«Canbe optimized ta2|EdgeCut|messages
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MPI: Buffered Sends

rank=0

MPI BUFFER ATTACH

MPI BSEND

Do some work

k.

rank=1
Do some
. send_} tmp WDFK
Post send
_ MPI_RECV
Wait for Post receive
recv
Transfer Transfer

MPI BUFFER DETACH

Source: Dr. Gerhaid/ellein(RRZE) et al.

Carry on

We also have an implementation witPI_Isend) with similar performance.
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Graph algorithms: Issues & Challenge

A Load balancing:
I Predistributed data;1D V/s 2Dperformance of partitioners

A Locality:
I Cacheaware V/s Cacheblivious

A Ghost vertices:
I Memory V/s Performance

G X 02 YLzl | BAB8prodeBofsSomBlaesSend.
could be done byive to 10 processors of an MF2 with
adzF Tt AOASY U YSYZNERO®

. NJzO S SY RNA O‘[ a2 yGrdplyfﬁRlalyﬁlévy/rtm H[lghdff(yfmanc@ NN,
Computlngz /| 2YLziAy3 Ay {OASYyOS [yR 9Y
2008.
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Platform Detalls

A ZorkaCompute Cluster:

A Compute NodeTwo dual core 3.0 GHz Intel Xeon
(4 CPUs); 8 GB RAM

A Total Nodes40 (160 cores)
A Network: Infiniband 4X (2Gbitds)

A Software:
Antel C++ compilers Q2 cax)

AMVAPICH2, with 4 processes per node (wrap
around If #processes > #cores)

We see abouR0%performance difference betwee@igEand Infiniband.



Test set 1Matrices from Tim Davis Collection

Name Rows #Cols H#nnz
Name #Rows  [#Cols Hnnz
Rajat16 94,294 94,290 476,76 DNA Electrophoresis
Rajat21 411,674 411,67¢ 1,876,01 cagelO 11391 1139] 150,644
Rajat29 643,994 643,99 3,760,24 cagell 39,089 39,083 559,72
Rajat30 643,99/ 643,994 6,175,241 cagel2 130,224 130,229 2,032,53(
Rajat31 4,690,00] 4,690,00] 20,316,25 cagel3 445,31 445,313 7,479,34
ASIC 320ks 321,67] 321,67] 1,316,08! cageld 1,505,784y 1,505,784 27,130,34
ASIC_680k 682,86 682,86] 2,638,99 cagel5 5,154,854 5,154,854 99,199,55
G3_circuit 1,585,47{ 1,585,47{ 7,660,82 Chemical Engineering
Structural Engineering megl 2,904 2,904 58,147
bodyy6 19,36¢ 19,36¢ 134,204 bayer04 20,5415 20,5415 85,531
bcsstk38 8,037 8,037 355,46 bayer01 57,739 57,73§ 275,09
besstkas 30,231 30,23] 1,450,16
bcsstk39 46,777 46,774 2,060,66] g7jac040 11,79¢ 11,790 107,381
crystk03 24694 24,69¢ 1,751,17 g7jac080 23,67 23,67 259,644
ct20stif 52,32¢ 52,329 2,600,29! g7jac160 47,43( 47,43( 564,95]
twk 217,914 217,91y 11,524,43 g7jac200 59,31( 59,310 717,62(
Flud Dynamics

Pres Poisson y y : F2 71,50 71,509 5,294,28]
af23560 F1 343,791 343,791 26,837,111

Electrical Engineering

onetone?2
twotone 120,75( 120,75( 1,206,26!
pre2 659,031 659,03] 5,834,044 35




Performance of Sequential Algorithm

A Exact algorithm:

I Perfectmatching of maximum weight (similar to the
algorithm implemented in MC64)

I Binary heap data structure
I Greedy initialization is critical for performance

I (VI § +|V]4og|V)
A Approximation algorithm:

I Pointerbased algorithm

I O(IMd*+|B)

A Why? "3
I Maximum weight matching is very slow
I Context: Sparse matrpreconditioners

Comparison?



Performance: Execution Time

Log (Exact Time / Approx Time
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Matrices sorted by namg

The approximation algorithm is vefgst.

—o— Speedup
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Rajat31: ANVix 9,380,004; #Edge: 20,316,253

1.00E+00
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# of cores

Min and Max times are the shortest and longest
times on any given process (cor@ygis the
average time of all the processes.

Matrix visualization from UF Sparse Matrix Collection




G3_Circuit: #MVitx 3,170,956; #Edge: 4,623,152

1.00E03
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BayerO1l: ¥tx=115,470,; #Edges= 277,774

1.00E04
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ASIC 320ks:\itx=643,342; #Edges= 1,827,807

1.00E02

o o]




bcsstk39: ¥tx=38,732; #Edges= 77,057

1.00E03

of cores
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g/jac200: ¥tx=118,620; #Edges= 837,936

1.00E02




megl: #tx=5,808; #Edges= 58,142

1.00E+00
| : 4 6 32 64 80 100 128 160
/ B
1.00E01
Um— \
1.00E05

# of cores




crystkO3: ¥1x=49,392; #Edges= 887,937

1.00E01

1.00E02 {




Synthetic Graph: SSCA#?2

1.00E+03

1.00E+01-+——

1.00E+02 —— T

SpeedUp= Serial Time/ParalleAvg Time

Log of compute time in second:

——min(s)
1.00E+00
\ = max(s) - SpeedUp
1 2 4 16 32 64 80 100128160 1.00E+01- SN S I S S E— —
avg(s) :
—
1.00E01 SN —
\ 1.00E+00
2 4 8 16 32 64 80 100128160
1.00E02
# of cores # of cores

Graph: #¥tx 2,097,152; #Edge: 63,148,387
Original graplgenerated with GIGraphGenerator.
Graph modified (treat it as bipartite graph) and duplicates eliminated. \

Super linear Speedup? Most probably due to cache effects  vjsyalizing SSCAg®Iphsusing

than an inefficient serial implementation. Fiedler coordinates; Source:
ctwatch.org



Synthetic Graph: Random Graph

1.00E+01

\ = Mmin(s)
1.00E+00
e max(s)

2 4 8 16 32 64 80 100 128 160
avg(s)

Log of compute time in second:

1.00E01
# of cores

Graph: #tx 500,000; #Edge1,500,000
Original graplgenerated with GIGraphGenerator.
Graph modified (treated as a bipartite graph) and duplicates eliminated.



Synthetic Graph: Random Graph
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Graph: #tx 1,000,000; #EdgeZ2,250,000
Original graplgenerated with GIGraphGenerator.
Graph modified (treated as a bipartite graph) and duplicates eliminated.



Jumpshot Pictures

% Legend : ParallelDominatingEdgeTesis.slog? E|[E|E|
A Input: Rajat31 (¥tx 9,380,004; P

#Edges: 20,316,253) = el |
I irreview stare 0 0 0
A EdgeCUT 36,998, TranSfel’ 278 S, [ J|vriccast 32|1.677| 1677
. . . . PR I 171 Bsend 72996(0.017| 0.017
Weight: 6.25e+07; Cardinality: [ oor s I
4’688’751, [ Jimpisurrer_detacn 32 0 0
] . [ Jimricomm_rank 22l o o
A Compute Time: Min: 27%2, [ Jimpicomm size 22 o 0
Max: 3.09e02; Avg(32): 3.73e02 | = fes Jore.
SeCOHdS i vpissend 217(3.176] 2.176
BeEg Freview Evern of o o

'T" MPE_Comm_finalize 32 ] 0 =

K o]

50



Entire Execution

eline : ParallelDominatingEdgeTests.slop2 <Process View>
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Closeup: Communication

Legand: Purple = B_Send; Green = Receive



